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Introduction

R ECENTLY, there has been some interest in designing con-
trollers for the underactuated rigid spacecraft tracking/

stabilizationproblem. In Ref. 1, Crouchprovidednecessaryand suf-
� cientconditionsfor controllabilityof a rigidbodyin thecaseof one,
two, or three independent actuators. In Ref. 2, Byrnes and Isidori
demonstrated that a rigid spacecraft with only two controls cannot
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be asymptotically stabilized via continuous-statefeedback because
it does not satisfy Brockett’s necessary condition3 for smooth feed-
back stabilizability.In Ref. 4, Morin et al. developeda smooth, time-
varying stabilizingcontrollerby using averaging theory. A continu-
ous time-varying/time-periodic switching controller was proposed
by Coron and Kerai in Ref. 5. When averagingtheory and Lyapunov
controldesign techniqueswere used,Morin and Samson6 developed
a continuous time-varying controller that locally exponentiallysta-
bilized the attitudeof a rigid spacecraft.Recently, in Ref. 7, Tsiotras
and Luo proposed a saturated, tracking/stabilizing controller for
the kinematic control of an underactuatedaxisymmetric spacecraft;
however, the spin rate on the unactuated axis is required to be
zero.

In this Note, we propose a novel, continuous, time-varying,non-
linear tracking controller for the kinematic model of an axisym-
metric as well as nonaxisymmetric underactuated rigid spacecraft.
The control structure is motivated by the Lyapunov-baseddynamic
oscillator presented in Ref. 8 for wheeled mobile robots. The pro-
posed control approach is novel in that severalkey characteristicsof
the quaternionkinematic representationare exploited during the re-
design of the control structureoriginallyproposed in Ref. 8. Indeed,
it is the fusion of the dynamic oscillator-basedapproach, that is, it
providesadditionaldesign � exibility, and quaternionkinematic rep-
resentation that facilitates the tracking result for the underactuated
spacecraft system. The controller ensures that the spacecraft orien-
tation error is driven to an arbitrarily small neighborhood of zero
providedthe initialerrorsare suf� cientlysmall, that is, thecontroller
guaranteeslocaluniform,ultimatelybounded(LUUB) trackingwith
exponentialconvergence.Standardbacksteppingcontrol techniques
can be fused with the kinematic controller to present a solution, that
is, both dynamicand kinematiceffectscan be accountedfor, for full-
order LUUB tracking/regulation of an axisymmetric spacecraft. In
contrast to the work presented in Ref. 7, the axisymmetric control
strategy is for the full-order model; furthermore, it does not impose
restrictions on the spin rate of the unactuated axis.

Problem Formulation
The kinematics for a rigid spacecraft can be expressed as

follows9:

Pq D 1
2
.q£! C q0!/ (1)

Pq0 D ¡ 1
2 qT ! (2)

where !.t/ 2 R3 is the angular velocity of a body-� xed reference
frame F (locatedat the centerofmassof the spacecraft) with respect
to an inertial reference frame I , the notation ³ £, 8³ D [³1 ³2 ³3]T ,
denotes the following skew-symmetric matrix:

³ £ D

2

4
0 ¡³3 ³2

³3 0 ¡³1

¡³2 ³1 0

3

5 (3)

and qE .t/
1D fq0.t/; q.t/g 2 R £ R3 represents the unit quaternion9

describing the orientation of the body-� xed frame F with re-
spect to the inertial frame I , which is subject to the constraint
qT q C q2

0 D 1. The rotation matrix that brings I onto F , denoted
by R.q; q0/ 2 R3 £ 3, is de� ned as

R
1D

¡
q2

0 ¡ qT q
¢
I3 C 2qqT ¡ 2q0q£ (4)

where I3 is the 3 £ 3 identity matrix and the angular velocity of F
with respect to I expressed in F is !.t/.

We assume that the desired attitude of the spacecraft can be de-
scribed by a desired, body-�xed reference frame Fd whose orienta-
tionwith respectto the inertialframeI is speci� edby thedesiredunit
quaternion qd E .t/ D fq0d .t/; qd .t/g 2 R £ R3 that is constructed to
satisfy qT

d qd C q2
0d D 1. The correspondingrotation matrix, denoted

by Rd.qd ; q0d / 2 R3 £ 3 , that brings I onto Fd is then de� ned as

Rd D
¡
q2

0d ¡ qT
d qd

¢
I3 C 2qdqT

d ¡ 2q0dq£
d (5)
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The desired quaternion is related to the desired angular velocity
of Fd with respect to I expressed in Fd , denoted by N!d .t/ 2 R3,
through the following dynamic equations:

Pqd D 1
2

¡
q£

d N!d C q0d N!d

¢
(6)

Pq0d D ¡ 1
2 qT

d N!d (7)

where Eqs. (6) and (7) can be inverted to calculate N!d .t/ as

N!d D 2.q0d Pqd ¡ qd Pq0d/ ¡ 2q£
d Pqd (8)

To quantify the mismatch between the actual and desired space-
craft attitudes, we de� ne the rotation matrix QR.e; e0/ 2 R3 £ 3 that
brings Fd onto F as

QR D RRT
d D

¡
e2

0 ¡ eT e
¢
I3 C 2eeT ¡ 2e0e£ (9)

where the quaternion tracking error eE .t/
1D fe0.t/; e.t/g 2 R £ R3

is de� ned as

e0 D q0q0d C qT qd (10)

e D q0dq ¡ q0qd C q£qd (11)

Based on the preceding tracking error formulation, we de� ne the
angular velocity of F with respect to Fd expressed in F , denoted
by Q!.t/ D [ Q!1.t/ Q!2.t/ Q!3.t/] 2 R3 , as

Q! D ! ¡ !d (12)

where !d.e; e0; t/ D [!d1. ¢ / !d2. ¢/ !d3. ¢ /] 2 R3 is an auxiliary
variable that is de� ned as

!d D QR N!d (13)

where QR.e; e0/ and N!d.t/ were de� ned in Eqs. (9) and (8), respec-
tively. We can now compute the open-loop tracking error dynamics
as

Pe D 1
2 .e£ C e0 I3/ Q! (14)

Pe0 D ¡ 1
2 eT Q! (15)

Remark 1: After the utilization of the actual and desired unit
quaternionconstraintsas well as Eqs. (10) and (11), it is seen that the
quaternion tracking error variables satisfy the following constraint:

eT e C e2
0 D 1 (16)

Remark 2: The open-loop kinematic tracking error system has
been formulated as though the desired trajectory input, denoted
by qd.t/, is provided by a trajectory planning module. [Note that
q0d .t/ can be calculatedvia q2

0d D 1 ¡ qT
d qd .] However, we note that

the trajectoryplanningmodule can also provide N!d .t/ as the desired
trajectoryinputwith qd .t/ andq0d.t/ beingcalculatedby a reference
trajectory generator in the form of Eqs. (6) and (7).

Remark 3: Based on the de� nition given by Eq. (9), the attitude
control objective is achieved if QR.t/ D I3. It is easy to see from
Eq. (16) that, if e.t/ D 0, then je0.t/j D 1; hence, we can see from
Eq. (9) that if e.t/ D 0, then QR.t/ D I3 . Based on this argument, it
is easy to see that the attitude control objective is to drive e.t/ to
zero (or to some small value). With regard to achieving this control
objective, we make the standard assumption that q0d .t/, qd .t/, and
their � rst two time derivatives are bounded for all time.

Because we are interested in designing a controller for the at-
titude control problem, we will � rst develop a kinematic tracking
controller. Speci� cally, we will assume that !2.t/ and !3.t/ are the
control inputs. We also assume that qE .t/ is measurable and that
!1.t/ is a measurable, exogenous,bounded signal. To facilitate the
underactuatedcontrol design process, we rewrite Eqs. (14) and (15)
in a manner conducive to the stability analysis as follows:

Px D 1
2

¡
f C zT J2u

¢
(17)

Pz D 1
2

¡
J2z Q!1 ¡ B[!d2 !d3]T C Bu

¢
(18)

where x.t/ 2 R1, z.t/ D [e2.t/ e3.t/]T 2 R2 are the transformeder-
ror signals that are related to the original open-loop tracking error
variable e.t/ 2 R3 of Eq. (11) as follows:

x D e1 z D [e2 e3]
T (19)

The auxiliary signal f .t/ 2 R1 is de� ned as

f D e0 Q!1 ¡ e2!d3 C e3!d2 (20)

where !d2.¢/, !d3.¢/ were introduced in Eq. (13), B.e0; e1/ 2 R2 £ 2

is a matrix that is de� ned as

B D
µ

e0 ¡e1

e1 e0

¶
(21)

J2 2 R2 £ 2 is a skew-symmetric matrix that is de� ned as

J2 D
µ

0 1

¡1 0

¶
(22)

and u.t/ D [!2.t/ !3.t/] 2 R2 is the kinematiccontrol input vector.

Kinematic Control Design
Our control objective is the design of a kinematic controller that

exponentiallydrives the tracking error system of Eqs. (17) and (18)
to a neighborhoodabout zero that can be made arbitrarily small. To
this end, we de� ne an auxiliary error signal Qz.t/ 2 R2 as the differ-
ence between the subsequentlydesignedauxiliarysignal zd.t/ 2 R2

and the transformed variable z.t/ de� ned in Eq. (18) as follows:

Qz D zd ¡ z (23)

Based on the structure of the open-loop error system given by
Eqs. (17) and (18) and the subsequent stability analysis, we design
the kinematic control input u.t/ as

u D ¡kpe0z C [!d2 !d3]
T C ua (24)

where kp.t/ 2 R1 is a gain constant, ua.t/ 2 R2 is an auxiliary con-
trol signal that is de� ned as

ua D 50 J2zd C 51zd (25)

and where the auxiliarysignal zd .t/ 2 R2 is de� ned by the following
oscillatorlike relationship,

Pzd D . P±d=±d/zd C 3J2zd ; zT
d .0/zd.0/ D ±2

d.0/ (26)

and where the auxiliary terms 50.t/, 51.t/, 3.t/, and ±d.t/ 2 R1

are de� ned as

50 D .ka x C e0 Q!1/=±2
d (27)

51 D 2P±d =e0±d C kpe0 (28)

3 D 1
2 .kpe0x C e050 C Q!1/ (29)

±d D °0 exp.¡°1t/ C "1 (30)

where ka , °0, °1 , and "1 2 R1 are positive, constant design parame-
ters.

Remark 4: Motivation for the structure of Eq. (26) is obtained by
taking the time derivative of zT

d zd as

d
dt

¡
zT

d zd

¢
D 2zT

d Pzd D 2zT
d

³ P±d

±d
zd C 3J2zd

´
D 2

P±d

±d
zT

d zd (31)

where Eq. (26) and the de� nition of Eq. (22) have been utilized. As
a result of the selection of the initial conditions given in Eq. (26), it
is easy to verify that

zT
d zd D kzdk2 D ±2

d (32)

solves the differential equation given in Eq. (31).
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To obtain the closed-loop error system for x.t/, we substitute
Eq. (24) for u.t/ in Eq. (17) and then perform some algebraic ma-
nipulations to obtain

Px D ¡ 1
2
ka x ¡ 1

2
QzT J2ua (33)

To determine the closed-looperror system for Qz.t/, we take the time
derivative of Eq. (23), substitute Eqs. (26) and (18) for Pzd.t/ and
Pz.t/, respectively,and � nally substitute Eq. (24) for u.t/ to obtain

PQz D 1
2

£
¡kpe2

0 Qz C J2Qz. Q!1 C kpe0x/ C x J2ua

¤
(34)

where common terms have been canceled and the skew-symmetry
of the matrix J2 has been used.

Stability Analysis
Theorem: Given the closed-loopsystem of Eqs. (33) and (34), the

kinematic controller of Eqs. (24–30) ensures UUB tracking in the
sense that

ke.t/k · ¸1 exp.¡¸2t/ C ¸3"1 (35)

for all initial conditions such that

0 · ke.0/k · [± ¡ 8.°0 C "1/]=9 (36)

where ¸1, ¸2 , ¸3 , and ± 2 R1 are some positive constants and °0 and
"1 were originally introduced in Eq. (30). Note that °0 and "1 must
be selected suf� cientlysmall to ensure that Eq. (36) can be satis� ed.

Proof: To prove the theorem, we de� ne a nonnegative, scalar
function, denoted by V .t/ 2 R1 , as

V D x2 C QzT Qz (37)

After taking the time derivative of Eq. (37) and making the appro-
priate substitutionsfrom Eqs. (33) and (34), we obtain the following
expression:

PV D x
£
¡kax ¡ QzT J2ua

¤
C QzT

£
¡kpe2

0 Qz C J2Qz. Q!1 C kpe0x/ C x J2ua

¤

(38)
After canceling common terms in Eq. (38), we can obtain a simpli-
� ed expression for PV .t/ in the following manner:

PV D ¡kax2 ¡ k pe2
0 QzT Qz (39)

We can now utilize Eqs. (37) and (39) to � nd a negative–de� nite
upper bound for PV .t/ as

PV · ¡¯V if je0.t/j ¸ ±1 > 0 (40)

where ¯ 2 R1 is some positive constant and ±1 is a strictly positive
constant that can be picked arbitrarilysmall. After applyingEq. (16)
to the inequality constraint in Eq. (40) and solving the preceding
differential inequality, we obtain the following suf� cient condition
for the solution of V .t/:

V .t/ · exp.¡¯ t/V .0/ if ke.t/k · ± (41)

where ± D
p

.1 ¡ ±2
1/ is another positive constant. After utilizing

Eqs. (19) and (37), we can rewrite Eq. (41) as follows

k³.t/k · exp[¡.¯=2/t ]k³.0/k if kx.t/k C 2kz.t/k · ±

(42)
where ³.t/ 2 R3 is de� ned as

³ D [x QzT ]T (43)

To continue the proof, we note that kz.t/k can be upper bounded
by applying the triangle inequality to Eq. (23) as follows:

kzk · kQzk C kzd k · kQzk C °0 C "1 (44)

where Eq. (30) has been utilized. We can now utilize the bound
developedin Eq. (44) to obtain a suf� cient condition for Eq. (42) as
follows:

k³.t/k · exp[¡.¯=2/t ]k³.0/k

if kx.t/k C 2kQzk C 2.°0 C "1/ · ± (45)

We now utilize the de� nition of Eq. (43) to obtain a suf� cient con-
dition for Eq. (45) as follows:

k³.t/k · exp[¡.¯=2/t ]k³.0/k

if k³.t/k · [± ¡ 2.°0 C "1/]=3 (46)

We can now utilize Eq. (46) to note that the following inequality
would always be valid:

k³.t/k · k³.0/k if k³.t/k · [± ¡ 2.°0 C "1/]=3 (47)

The inequalitiesdescribed by Eq. (47) essentially imply that k³.t/k
is upperbounded by k³.0/k if k³.t/k is also upperbounded by
[± ¡ 2.°0 C "1/]=3. Because k³.0/k is a constant that can be in-
dependently restricted (a measure of the initial error between the
desired and system orientations), we can upperbound k³.0/k by
[± ¡ 2.°0 C "1/]=3 to satisfy both upperboundson k³.t/k described
earlier by Eq. (47). Mathematically, this implies

k³.t/k · k³.0/k if k³.0/k · [± ¡ 2.°0 C "1/]=3 (48)

Now, we can utilize Eqs. (46), (48), and (43) to obtain

kxk; kQzk · exp[¡.¯=2/t ]k³.0/k

if k³.0/k · [± ¡ 2.°0 C "1/]=3 (49)

We now use the triangle inequality and Eqs. (30) and (49) to obtain
the following bound for z.t/:

kzk · kQzk C kzd k · exp[¡.¯=2/t ]k³.0/k C °0 exp.¡°1t/ C "1

if k³.0/k · [± ¡ 2.°0 C "1/]=3 (50)

The inequality given by Eq. (35) can now be directly obtained from
the leftmost inequalitiesgiven in Eqs. (49) and (50). From Eq. (49),
it is straightforward to see that x.t/, Qz.t/ 2 L1 . From Eqs. (32) and
(50), we can conclude that z.t/, zd.t/ 2 L1. Based on that x.t/,
z.t/ 2 L1 and that the reference trajectory is selected so that q0d.t/,
qd.t/ 2 L1, we can utilize Eqs. (19), (10), and (11) to conclude that
q.t/, q0.t/ 2 L1. By virtueof Remark 3 and Eq. (13), it is easy to see
that !d .t/ 2 L1 . From the earlier assertion and the fact that !1.t/
is assumed to stay bounded, we can utilize Eq. (12) to show that
Q!1.t/ 2 L1. Using the preceding boundedness assertions, we can
conclude that f .t/ 2 L1 from Eq. (20). Based on these facts, we
can now utilize Eqs. (24–30) to show that u.t/, ua.t/, Pzd.t/, 50.t/,
51.t/ 2 L1 . Because u.t/ D [!2.t/ !3.t/] 2 R2 is the kinematic
control input vector, it is possible to state that the control input
remains bounded for all time.

Independent of the proof of the inequality of Eq. (35), we will
now proceed to show how the initial condition restrictions on ³.t/
correspond to initial condition restrictions on the actual tracking
error variables, that is we want to prove the inequality given by
Eq. (36). We utilize the de� nition of Eq. (43) to relate k³.0/k to
ke.0/k in the following manner:

k³.0/k · 3ke.0/k C 2.°0 C "1/ (51)

where the de� nitions of Eqs. (23) and (30) have been utilized. After
substitutingEq. (51) for k³.0/k in the rightmost inequality given in
Eq. (50), we can arrive at the suf� cient condition given in Eq. (36)
where we have utilized that exp.¡¯ t/ and exp.¡°1t/ can be upper
bounded by one. ¤

Remark 5: As a direct consequenceof the expression of Eq. (40)
and the initial condition magnitude restrictiongiven in Eq. (36), we
are guaranteed that e0.t/ 6D 0 8 t; hence, the control singularity at
e0.t/ D 0 [see the de� nition of 51.t/ of Eq. (28)] will always be
avoided.

Remark 6: The initial condition magnitude restriction given in
Eq. (36) can beviewedas a restrictionon thedesiredunitquaternion,
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denoted by qd E .t/; as can be seen from the de� nition of e.t/ given
in Eq. (11), that is, given the initial state of the system qE .0/, one
must select qd E .0/ such that ke.0/k satis� es the suf� cient condition
given in Eq. (36).

Remark 7: Because the kinematic controller is designed to be
differentiable, standard backstepping techniques10 can be utilized
to design the torque control input vector for the dynamic model of
an underactuatedaxisymmetric spacecraft.7

Remark 8: As a special case of the tracking problem, we con-
sider the case of exact regulation of the orientations of the three

e1(t)

e2(t)

e3(t)

Fig. 1 Orientation error.

¿ 2(t)

¿ 3(t)

Fig. 2 Applied torque.

axes to the origin. When !1.t/ has a nonzero value, it is easy to
see from Eq. (14) that exact three-axis stabilization is not possible.
However, the proposed control law ensures that the orientation of
the spacecraft can be driven to an arbitrarily small neighborhoodof
the origin.

Simulation Results
In this section, we present a numerical simulation to validate

the controller of Eqs. (24–26) applied to the full-order model of
an underactuated axisymmetric spacecraft given by Eqs. (1), (2),
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e1(t)

e2(t)

e3(t)

Fig. 3 Orientation error.

¿ 2(t)

¿ 3(t)

Fig. 4 Applied torque.

and

j1 P!1 D 0 (52)

j2 P!2 D . j3 ¡ j1/!1!3 C ¿2 (53)

j3 P!3 D . j1 ¡ j2/!1!2 C ¿3 (54)

where j1 D 20 kgm2 and j2 D j3 D 15 kgm2 represent the inertia
parameters for the axisymmetric spacecraft.

The aim of the � rst simulation study was to regulate the space-
craft orientation to a UUB neighborhood of the desired orientation

speci� ed as

q0d D
p

0:1; qd D
£p

0:4
p

0:25
p

0:25
¤T

The initial attitude of the spacecraft was set to

q0.0/ D
p

0:1; q.0/ D
£
0 ¡

p
0:45 ¡

p
0:45

¤T
(55)

such that the unit quaternionconstraint is satis� ed. The initial value
for !1.t/ was chosen to be zero. The auxiliary signal zd.t/ was
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e1(t)

e2(t)

e3(t)

Fig. 5 Orientation tracking error.

¿ 2(t)

¿ 3(t)

Fig. 6 Applied torque.

initialized to be [2:001 0]T . The control gains that resulted in the
best regulation are

kp D 0:8; ka D 0:8; °0 D 2:0; °1 D 0:2

"1 D 0:001; k1 D 10:0; k2 D 10:0 (56)

From Fig. 1, we can see that the orientationof the spacecraftis UUB
regulated to the origin. From Fig. 2, the torques remain bounded for
all times. In the next run of the simulation, !1.t/ was chosen to
have a small initial value of 0.001 rad¡1. The system was simulated

with the same set of inertia parameters, initial conditions, desired
orientation, and control gains save "1 , which was chosen to be 0.01
to keep the torques within reasonable amplitudes. From Fig. 3, we
can see that the regulation control objective has been achieved. As
already mentioned in Remark 8, the orientationcannot be regulated
exactly to the origin. However, UUB regulation is achieved as ex-
pected.From Fig. 4, the torques remain bounded.As the orientation
trajectories converge to a neighborhood of the origin, the torques
do get larger in amplitude; however, this is the cost that is paid for
allowing the unactuated !1.t/ to have a � nite value.
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This second simulation study forces the spacecraft orientation to
track a desired trajectory that is generated via the desired dynamics
of Eqs. (6) and (7) utilizing N!d .t/ as input. We select N!d.t/ to be a
soft start trajectory in the following manner:

N!d .t/ D

f0 [1 ¡ exp.¡0:01t2/]sin.0:5t/ [1 ¡ exp.¡0:01t 2/]cos.0:5t/gT

(57)

The initialconditionsfor the desiredand actual attitudeof the space-
craft were selected as

q0.0/ D q0d.0/ D
p

0:1

q.0/ D qd.0/ D
£
0

p
0:45

p
0:45

¤T
(58)

such that the unit quaternion constraint is satis� ed. The initial
value for !1.t/ was chosen to be 0 rad¡1. We notice here that
N!d1.t/ D !1.0/ D 0. The auxiliary signal zd.t/ was initialized to be
[1:01 0]T . The control gains that resulted in the best tracking per-
formance are

k p D 10:0 ka D 0:5 °0 D 1:0 °1 D 0:1

"1 D 0:01 k1 D 20:0 k2 D 20:0 (59)

The torques were saturated to remain §10 N ¢ m. From Fig. 5, we
can see that the spacecraftorientationtracks the desired trajectoryto
a UUB neighborhood.From Fig. 6, the torques remain bounded for
all times. Note that the UUB neighborhoodcan always be reduced
by selecting "1 to be a smaller value.

Conclusions
In this Note, we have presented a nonlinear controller for the

attitude tracking problem for a rigid underactuated spacecraft. For
the reduced-orderproblem, that is, the spacecraft dynamics are ne-
glected,the controllerachieveduniformlyultimatelyboundedtrack-
ing providedthe initial trackingerrorsare selectedsuf� cientlysmall.
Simulation results for the controller demonstrated the ef� cacy of
the proposed strategy in achieving tracking for the underactuated
spacecraft.
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Introduction

T HE adverse interactionsoccurring between the three main dis-
ciplines unsteady aerodynamics, aeroelasticity, and servocon-

trols are called aeroservoelasticinteractions.These interactionscan
be described mathematically by a system of equations in a state-
space form. This system requires a different representation for the
unsteadyaerodynamicforces from that for the classical� utter equa-
tion. The unsteady aerodynamic forces, in the case of the classical
� utter equationor aeroelasticity,are calculatedby the doublet lattice
method (DLM) in the frequency domain for a set of reduced fre-
quenciesk and Mach numbers M . Because time-domainlinear time-
invariantordinarydifferentialequations(LTI ODE) are required for
using modern control theory design, several approximationsfor the
unsteady aerodynamicforces in the s domain have been developed.
There are mainly three formulations to approximate the unsteady
generalized forces by rational functions in the Laplace domain in
the frequency domain1¡4: least square (LS), modi� ed matrix Padé,
and minimum state (MS). The approximationyielding the smallest
order time-domainLTI state-spacemodel is the MS (Ref. 5) approx-
imation method. The dimensionof the time-domainLTI state-space
model depends on the number of retained modes and the number
of aerodynamic lags na . There is a tradeoff between the number of
aerodynamiclagsand the accuracyof the approximation.The higher
thena , thebetter theapproximation,but theorderof the time-domain
LTI state-space model is larger. The order of the LTI state-space
model strongly affects the ef� ciency of subsequent analyses. In the
present Note a new method for the determination of ef� cient state-
space aeroservoelasticmodels is presented. This method combines
results from the theory of Padé approximants and the theory of
model reduction developed in the frame of control theory. Finally,
a comparison between the new method and the MS method is pre-
sented. The error of our method is 12–40 times smaller than the
error of the MS approximationmethod for the same number of aug-
mented states na and depends on the choice of the model reduction
method.

Aircraft Equations of Motion
The motion of an aircraft modeled as a � exible structure with no

forcing terms is describedby the followingequations,written in the
time-domain:

QM Ŕ C QC Ṕ C QK´ C qdynQ.k/´ D 0 (1)

Here ´ is the generalized variable de� ned as q D U ´, where q
is the displacement vector and U is the matrix formed with the

Received 20 July 2001; revision received 1 March 2002; accepted for
publication 7 March 2002. Copyright c° 2002 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0731-5090/02 $10.00 in
correspondence with the CCC.

¤Postdoctoral Fellow.
†Professor, Automated Production Department. Member AIAA.


